Abstract: We classify positive tight contact structures, up to isotopy fixing the boundary, on the manifolds N = M (D 2 ; r 1 , r 2 ) with minimal convex boundary of slope s and Giroux torsion 0 along ∂N , where r 1 , r 2 ∈ (0, 1) ∩ Q, in the following cases:
Introduction
If M is an oriented 3-manifold, a contact structure on M is a completely non-integrable 2-plane distribution ξ given as the kernel of a global 1-form α such that α ∧ dα = 0 at every point of M . Throughout this paper, we assume the contact structures are positive, i.e., given by one form α satisfying α ∧ dα > 0, and oriented.
Classification of tight contact structures on oriented 3-manifolds is a fundamental problem in contact topology. See [1] , [7] , [8] , [9] and [10] . The classification of tight contact structures on small Seifert manifolds has been the object of intensive study in the last few years. See [14] , [3] , [4] and [2] . In [9] , Honda classified tight contact structures on the solid torus S 1 ×D 2 and the thickened torus T 2 ×I. In [13] , Tanya classified tight contact structures on Σ 2 ×I where the boundary condition is specified by a single, nontrivial separating dividing curve on each boundary component. In this article, we classify tight contact structures on some bounded Seifert manifolds.
Let N be a small bounded Seifert manifold M (D 2 ; r 1 , r 2 ), where r i ∈ (0, 1) ∩ Q, i = 1, 2. We concentrate on tight contact structures on N with minimal convex boundary, i.e., the number of dividing curves on ∂N is 2. Suppose s ∈ Q. Denote the greatest integer not greater than s by [ 
s ∈ [2, +∞).
The idea of the proof of Theorem 1.1 is roughly as follows. Similar to the arguments in [14] , [3] , [4] , we get an upper bound for the number of tight contact structures, up to isotopy fixing the boundary, on N with given conditions. This upper bound is the same as the number of tight contact structures, up to isotopy, on M (−1 − [s]; r 1 , r 2 , r 3 ). For any tight contact structure η on M (−1 − [s]; r 1 , r 2 , r 3 ), we can decompose M (−1 − [s]; r 1 , r 2 , r 3 ) into N and a solid torus V 3 , and isotope η so that ∂N is minimal convex with dividing curves of slope s. When measured in the coordinates of ∂V 3 , this slope is −1. Thus, by the uniqueness of tight contact structures, up to isotopy fixing the boundary, on a solid torus with minimal convex boundary of slope −1, we conclude that the number of tight contact structures, up to isotopy, on M (−1 − [s]; r 1 , r 2 , r 3 ) is less than or equal to the number of tight contact structures, up to isotopy fixing the boundary, on N with given conditions. Using the fact that a double cover of M (D 2 ;
2 ) is the thickened torus T 2 × I and the classification of tight contact structures on T 2 × I, we have the following classification. In Section 2, we give some preliminaries. In Section 3, we prove Theorem 1.1 in cases 1 and 2, and in Section 4, we prove Theorem 1.1 in cases 3 and 4. In Section 5, we prove Theorem 1.2. The reader is assumed to be familiar with convex surfaces theory (cf. [6] , [5] ) and bypasses (cf. [9] ).
Preliminaries
For r 1 , r 2 , r 3 ∈ Q \ Z, the Seifert manifolds M (D 2 ; r 1 , r 2 ) and M (r 1 , r 2 , r 3 ) are described as follows. Let Σ be an oriented pair of pants, and identify each connected component of
with R 2 /Z 2 , so that 1 0 gives the direction of −∂(Σ × {1}) and 0 1 gives the direction of the S 1 factor. For i = 1, 2, 3, let V i = D 2 × S 1 , and identify ∂V i with R 2 /Z 2 so that 1 0 gives the direction of the meridian ∂(D 2 × {1}) and 0 1 gives the direction of the
(respectively, i = 1, 2, 3), using the map ϕ i : ∂V i → T i defined by the matrix
where
Note that if r 3 = n +
, where m ≥ 2, n and a j 's are integers, a j ≥ 2 for 1 ≤ j < m and a m ≥ 1, then
where a > b ≥ 0 are integers so that g.c.d.(a, b) = 1 and
. Thus we have Proposition 2.1 In the notations above,
Let n 1 , n 2 be integers. The Seifert manifolds M (D 2 ; r 1 , r 2 ) and M (D 2 ; r 1 +n 1 , r 2 +n 2 ) are orientation-preserving diffeomorphic. This can be seen as follows. Let f : Σ × S 1 → Σ × S 1 be an orientation-preserving diffeomorphism such that f sends each T i to itself and on each T i , f is given by the matrix f i = 1 0 −n i 1 , where n 3 = −n 1 −n 2 . (f can be constructed by using a smooth function g : Σ → SO(2) such that for x ∈ Σ, z ∈ S 1 , f (x, z) = (x, g(x)z).) f can be extended to an orientation-preseving diffeomorphism, still denoted by
, we have 
Similarly, the Seifert manifolds M (r 1 , r 2 , r 3 ) and M (r 1 + n 1 , r 2 + n 2 , r 3 − n 1 − n 2 ) are orientation-preserving diffeomorphic. They are also denoted by M (e 0 ;
with coordinates ((x, y), t), consider ξ n = ker(sin(πnt)dx+ cos(πnt)dy), with the boundary adjusted so it becomes convex with two dividing curves on each component, where n ∈ Z + . Let (M, ξ) be a contact 3-manifold and T ⊂ M an embedded torus. The Giroux torsion along T is the supremum, over n ∈ Z + , for which there exists a contact embedding φ :
, where φ(T 2 × {t}) is isotopic to T . (We set the Giroux torsion to be 0 if there is no such embedding). One can consult [11] for this definition.
The main invariant in the classification of tight contact structures on Seifert manifolds is the maximal twisting number. One can consult [2] for the definition.
For the rest of the paper, r 1 , r 2 ∈ (0, 1) ∩ Q, s ∈ Q, a, b, a j (j = 1, . . . , m) and r 3 are defined as in the Introduction. For i = 1, 2, suppose −
, where a i j 's are integers and a i j ≤ −2 for j ≥ 0. When we consider the number of tight contact structures up to isotopy or up to isotopy fixing the boundary, we usually omit the phrase "up to isotopy" or "up to isotopy fixing the boundary".
3 Proof of Theorem 1.1 in cases 1 and 2
, where
Let ξ be a tight contact structure on N = M (D 2 ; r 1 , r 2 ) with minimal convex boundary of slope s(T 3 ) and Giroux torsion 0 along ∂N . We first isotope ξ to make each V i (i = 1, 2) a standard neighborhood of a Legendrian circle isotopic to the ith singular fiber with twisting number t i < 0, i.e., ∂V i is convex with two dividing curves each of which has slope 1 t i when measured in the coordinates of ∂V i . Then, when measured in the coordinates of T i , the slope
The proof of the following lemma is similar to the proof of [14, Lemma 2.2] . . Let V ′′ i be the solid torus bounded by T ′′ i , and
First we consider V ′′ 1 and V ′′ 2 . Since ϕ
when measured in the coordinates of ∂V i . By a similar argument as in the proof of [14, Theorem 1.6], there are exactly
i that satisfy the given boundary condition.
be the thickened torus which is bounded by T ′ i and T ′′ i , then L i has boundary slopes ∞ and
. By [9, Theorem 2.2], there are exactly |a i 0 | minimally twisting tight contact structures on L i that satisfy the given boundary condition. The two boundary slopes of the thickened torus L 3 are ∞ and s(T 3 ) respectively.
We divide it into two subcases.
Case 1(a). s ∈ (−∞, −1).
Let s(T 3 ) = s. We decompose L 3 into m continued fraction blocks (some blocks may be invariant neighborhoods of convex tori). The first continued fraction block has two boundary slopes ∞ and [s] + 1 − 1 a 1 −1 , the second continued fraction block has two boundary slopes
, . . ., the mth continued fraction block has two boundary 
there is a vertical Legendrian circle with twisting number 0. We isotope η so that there is a vertical Legendrian circle L with twist number 0 in the interior of Σ×S 1 , and V 3 is a standard neighborhood of a Legendrian circle isotopic to the 3rd singular fiber with twisting number t < 0, i.e., ∂V 3 is convex with two dividing curves each of which has slope 1 t when measured in the coordinates of
Then, when measured in the coordinates of T 3 , the slope
is a minimal convex torus with vertical dividing curves when measured in the coordinates of
sufficiently small t. By [9, Proposition 4.16], there exists a minimal convex torus T ′′ 3 in the interior of V ′ 3 \ V 3 isotopic to T 3 that has dividing curves of slope s. Thus we can isotopy η so that T 3 is minimal convex with dividing curves of slope s when measured in the coordinates of
Thus the slope of the dividing curves on ∂V 3 is −1 when measured in the coordinates of ∂V 3 . There is exactly one tight contact structure on V 3 with minimal convex boundary of slope −1. Note that η, when restricted to N , has Giroux torsion 0 along ∂N . Hence the number of tight contact structures on N with given conditions is at least 
By a similar argument as in Case 1(a), for any tight contact structure η on M (r 1 , r 2 , r 3 ), we can isotopy η so that T 3 is minimal convex with dividing curves of slope s when measured in the coordinates of T 3 . By Proposition
Thus the slope of the dividing curves on ∂V 3 is −1 when measured in the coordinates of ∂V 3 . Similar to Case 1(a), we conclude that the number of tight contact structures on N with given conditions is at least [
j=1 |a i j + 1| tight contact structures on N with the given boundary condition and Giroux torsion 0 along ∂N . 
, where is not an integer, L 3 contains at least two layers and we can obtain a similar result as in [4, Proposition 6.4] for (N 0 , ξ 0 ) (we only encounter Case 2 in the proof of [4, Proposition 6.4]). Therefore we obtain an upper bound of the number of tight contact structures on N 0 with given conditions, which is the same as the number of tight contact structures on M (−1 + r 1 , r 2 , r 3 ).
By [4, Proposition 5.1], for any tight contact structure η on M (−1 + r 1 , r 2 , r 3 ), there is a Legendrian vertical circle with twisting number 0. Then similar to Case 1(a), we can isotopy η so that T 3 = ∂V 3 is minimal convex with dividing curves of slope −1 when measured in the coordinates of ∂V 3 . Then we conclude that the number of tight contact structures on M (−1 + r 1 , r 2 , r 3 ) is less than or equal to the number of tight contact structures on N 0 with minimal convex boundary of slope s − 1 and Giroux torsion 0 along ∂N 0 .
Therefore, the number of tight contact structures on N with given conditions is exactly the number of tight contact structures on M (−1; r 1 , r 2 , r 3 ). 
, where p i , q i are integers, 0 < q i < p i
Let ξ be a tight contact structure on M with minimal convex boundary of slope s(T 3 ) and Giroux torsion 0 along ∂M . The proof of the following lemma is similar to the proof of [14, Theorem 1.4]. 
Lemma 4.1 On
M = M (D 2 ; − q 1 p 1 , − q 2 p 2 ), if s(T 3 ) ≥ −1,
Lemma 4.2 On
M = M (D 2 ; − q 1 p 1 , − q 2 p 2 ), if s(T 3 ) ≥ 0, or if −1 ≤ s(T 3 ) < 0 and q i p i > 1 2 (i = 1, 2
), then the maximal twisting number of Legendrian vertical circles in (M, ξ) is −1.

Now assume that s(T
. By Lemma 4.2, after an isotopy of ξ, we can find a Legendrian vertical circle L in the interior of Σ × S 1 with twisting number −1. Then we make each V i (i = 1, 2) a standard neighborhood of a Legendrian circle which is isotopic to the ith singular fiber with twisting number t i < −2, i.e., ∂V i is convex with two dividing curves each of which has slope 1 t i when measured in the coordinates of ∂V i . Let s i be the slope of the dividing curves of T i = ϕ i (∂V i ) measured in the coordinates of T i . Then we have s i =
We can assume that T i = ϕ i (∂V i ) (i = 1, 2) and T 3 have Legendrian rulings of slope ∞ when measured in the coordinates of T i and T 3 , respectively. Using L, we can thicken 
According to the proof of [14, Theorem 1.7] , for any tight contact structure η on M (−
, the maximal twisting number of a Legendrian vertical circle is −1. After an isotopy of η, we can find a vertical Legendrian circle L ′ with twist number −1 in the interior of Σ × S 1 and make V 3 a standard neighborhood of a Legendrian circle isotopic to the 3rd singular fiber with twisting number t < 0, i.e., ∂V 3 is convex with two dividing curves each of which has slope 1 t when measured in the coordinates of ∂V 3 . Let ϕ 3 =
p 3 v 3 − u 3 q 3 = 1 and 0 < u 3 < p 3 . Then, when measured in the coordinates of T 3 , the slope 1, r 2 − 1, r 3 
, r 3 ). We claim that this small closed Seifert manifold is an L-space (see [12] for the definition). Note that since r 1 + r 2 + r 3 − 2 = 0, M (r 1 − 1, r 2 − 1, r 3 ) is a rational homology sphere. By [12, Theorem 1.1], it suffices to show that −M (−
, 1 − r 3 ) carries no positive, transverse contact structures. Suppose otherwise, by [2, Theorem 4.5], there are integers h 1 , h 2 , h 3 and k > 0, such that (1) (1) and (2), we have −1 −
and h 3 ≤ −1. Thus Let ξ be a tight contact structure on N with minimal convex boundary of slope s(T 3 ) = ∞. This means that the dividing curves of T 3 consist of two simple closed curves parallel to S 1 × {pt} × {0}. Note that the image of {pt} × S 1 × I under p is an essential annulus in N and the metric closure of its complement in N is a solid torus. Assume that T 3 is a convex torus in standard form with dividing curves S 1 × {0} × {0} and S 1 × {π} × {0}, and {pt} × S 1 × {0}, pt ∈ S 1 , are the Legendrian rulings. See Figure 1 . The upper bold line and the upper dashed line form a dividing curve, and the lower bold line and the lower dashed line form the other dividing curve. The plus sign " + " in Figure 1 denotes the region p(S 1 × [0, π] × {0}) in T 3 bounded by the two dividing curves.
Let A denote the annulus which is the image of {0}×S 1 ×I under p. After perturbation, A is convex with Legendrian boundary. Also assume that ♯Γ A , the number of connected components of the dividing set Γ A of A, is minimal among all convex annuli in its isotopy class relative to the boundary. Γ A contains exactly two properly embedded arcs. Without loss of generality, we assume that the endpoints of these two dividing arcs are P , Q, R and S.
Case 5.1. Both of the two dividing arcs in Γ A connect the two different components of ∂A.
The two dividing arcs in Γ A must connect the points P, Q and R, S respectively. As shown in Figures 2 and 3 , when we cut N along the convex annulus A and round the edges, we obtain a solid torus with two dividing curves on the boundary. Moreover, each of these two dividing curves intersects a meridian of this solid torus exactly once. There exists a unique tight contact structure on this solid torus by [9, Proposition 4.3] . This implies that in this case, for every choice of Γ A , there exists at most one tight contact structure. Similar to the proof of [9, Proposition 4.9], we define the holonomy k(A) by passing to the cover {0} × R × I ⊂ S 1 × R × I and letting k(A) be the integer such that there is a dividing curve which connects from (0, Figure 2 is 0, and the holonomy in Figure 3 is −1.
Let α 0 = cos ydx + sin ydz on S 1 × S 1 × I. Then ξ 0 = ker α 0 is the I-invariant neighborhood of a convex S 1 ×S 1 with dividing curves S 1 ×{0} and S 1 ×{π}. If we take ξ 0 and isotope S 1 × S 1 × {0} via (x, y) −→ (x, y − kπ) and isotope S 1 × S 1 × {1} via (x, y) −→ (x, y + kπ), while fixing S 1 × S 1 × { 1 2 }, namely, we take a self-diffeomorphism of S 1 × S 1 × I by sending (x, y, z) to (x, y + 2kπ(z − 1 2 ), z), then we obtain a tight contact structure ξ k on S 1 × S 1 × I with holonomy k (in the sense of [9, Proposition 4.9] ), and the corresponding contact form α k = cos(y + 2kπ(
So ξ k induces a tight contact structure on N with holonomy k(A) = k. By [9, Proposition 4.9], the nonrotative tight contact structures ξ k , k ∈ Z, on S 1 × S 1 × I are non-isotopic, so they induce non-isotopic tight contact structures on N . All these tight contact structures on N have Giroux torsion 0 along ∂N since each ξ k has Giroux torsion 0 along the boundary. These tight contact structures on N form the subset in Theorem 1.2(1) whose elements are in 1-1 correspondence with Z. Note also that for all these tight contact structures, a convex torus parallel to ∂N must have slope ∞ since each ξ k is nonrotative. If Γ A contains an odd number of closed dividing curves, see Figure 4 , then, when we cut N along A and perform edge-rounding, we find two dividing curves which bound disks. This contradicts Giroux's criterion (see [9, Theorem 3.5] ). So Γ A must contain an even number of closed dividing curves. Suppose Γ A contains 2t closed dividing curves, where t ≥ 0. As shown in Figure 5 , when we cut N along the convex annulus A and round the edges, we obtain a solid torus S 1 × D 2 with 4t + 2 vertical dividing curves. Therefore, the tight contact structure ξ on N depends only on Γ A , which in turn is determined by the sign of the boundary-parallel components of A along ∂N , together with t + 2 = ♯Γ A . So in this case, for each t ≥ 0, there exist at most two tight contact structures on N .
For each t ∈ {0} ∪ Z + , let η t be the contact structure on S 1 × S 1 × I given by 1-form β t = sin((2t + 1)πz)dx + cos((2t + 1)πz)dy, with the boundary adjusted so it becomes convex with two dividing curves on each component. Let η ′ t denote the contact structure given by −β t . By [9, Lemma 5.3] , any two of these tight contact structures on S 1 × S 1 × I are distinct. For each t ∈ {0} ∪ Z + , since τ * (β t ) = β t , both η t and η ′ t are τ -invariant, and hence induce contact structures ζ t and ζ ′ t on N respectively. Since these two induced contact structures on N lift to distinct tight contact structures on S 1 × S 1 × I, they are tight and distinct. Moreover, both ζ t and ζ ′ t have minimal convex boundary of slope ∞ and Giroux torsion t along ∂N by the explicit formula of β t and [11, Proposition 3.4 Now let ξ be a tight contact structure on N with minimal convex boundary of slope s(T 3 ) = s ∈ Q and Giroux torsion t ≥ 1 along ∂N . There is a minimal convex torus T ′ in the interior of N which is parallel to T 3 and has slope s, such that the restriction of ξ on the thickened torus U ′ bounded by T ′ and T 3 has Giroux torsion t. According to [9, Lemma 5.2] , (U ′ , ξ| U ′ ) is universally tight.
There is a minimal convex torus T in the interior of U ′ which is parallel to T 3 and has slope ∞. We assume that the restriction of ξ on the thickened torus U bounded by T and T 3 is minimally twisting. Note that U ⊂ U ′ .
The contact submanifold (N \ U, ξ| N \U ) belongs to Case 5.2. If the contact submanifold (N \ U, ξ| N \U ) belongs to Case 5.1, then each convex torus in N \ U which is parallel to T has slope ∞, contradicting the fact that T ′ has slope s. Note that for the contact structure ζ 0 on N , the slope of a convex torus parallel to T 3 is greater than or equal to 0. Thus if s ≥ 0, then the Giroux torsion of (N \ U, ξ| N \U ) is t − 1, and if s < 0, then the Giroux torsion of (N \ U, ξ| N \U ) is t. So there are at most two possibilities of (N \ U, ξ| N \U ).
Since U ⊂ U ′ and (U ′ , ξ| U ′ ) is universally tight, (U, ξ| U ) is universally tight. By [9, Proposition 5.1], there are at most two possibilities of (U, ξ| U ). Moreover, these two possibilities are distinguished by their relative Euler classes. If (U, ξ| U ) is given, then at most one possibility of (N \ U, ξ| N \U ) can make (N, ξ) tight by [9, Lemma 5.2] . Hence there are at most two tight contact structures on N with the given conditions. For a given t ′ ∈ Z + ∪{0}, let 0 < w < 1 2t ′ +1 satisfy that −s = cot((2t ′ +1)πw). Let η t ′ (we use the same notation as in Case 5.2) be the tight contact structure on S 1 × S 1 × [−w, 1 + w] given by 1-form β t ′ = sin((2t ′ + 1)πz)dx + cos((2t ′ + 1)πz)dy, with the boundary adjusted so it becomes convex with two dividing curves on each component. η ′ t ′ is given by the 1-form −β t ′ . Think of N as the quotient space of S 1 × S 1 × [−w, 1 + w] by identifying (x, y, z) with (x + π, −y, 1 − z). The transformation (x, y, z) → (x + π, −y, 1 − z) on S 1 × S 1 × [−w, 1 + w] is still denoted by τ . Since β s is τ -invariant, η t ′ and η ′ t ′ induce tight contact structures ζ t ′ and ζ ′ t ′ on N with minimal convex boundary of slope s(T 3 ) = s. ζ t ′ and ζ ′ t ′ are distinct since η t ′ and η ′ t ′ are distinct. Note that the restriction of the contact structure η t ′ on S 1 × S 1 × [−w, 0] is minimally twisting. We conclude that if s < 0, then the Giroux torsion along ∂N of ζ t ′ and ζ ′ t ′ is t ′ and if s ≥ 0, then the Giroux torsion along ∂N of ζ t ′ and ζ ′ t ′ is t ′ + 1. Therefore for each t ∈ Z + , there are exactly two tight contact structures on N with minimal convex boundary of slope s and Giroux torsion t along ∂N . This finishes the proof of Theorem 1.2 (2) .
